Microwave Conductivity of a High Purity d-wave Superconductor 
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The cusp-like behavior of the microwave conductivity observed in clean ortho-II YB2CU3O6.50 at 
low temperature and low frequency is shown to be related directly to a linear in frequency dependence 
of the impurity scattering rate with a negligibly small value at zero frequency. In the weak scattering 
limit, the conductivity decreases linearly with the frequency. In the vortex state, assuming a random 
(Gaussian) distribution of vortices, we show that the magnetic field profoundly alters the impurity 
scattering rate, which now acquires a finite zero frequency value. As a consequence, we predict a 
Drude-like line shape in the microwave conductivity at low frequency. 

PACS numbers: 74.25.Fy, 74.25. Nf, 74.72. Bk 



At low temperature elastic impurity scattering is ex- 
pected to dominate over its inelastic counterpart in high- 
Tc cupratesdSQ. In much of the early literature on 
impurity scattering in d-wave superconductors, only the 
unitary (strong) and Born (weak) limit were studied|j,|3. 
Later, it was recognized that neither of these two limits 
apply and an intermediate impurity potential Vi is real- 
istic for the high purity samples which are now available. 
In particular, Schachinger and CarbotteQ found that a 
finite value of c = l/[T:N{0)Vi\ with N{0) the density 
of states in the normal state, is required to qualitatively 
fit the microwave data of ortho-I YB2CU3O6.99. Sim- 
ilarly, intermediate scattering was necessary to explain 
the thermal conductivity of another high purity ortho- 
I sample 0, 111- Additional evidence for a finite value of 
the scattering strength c is the zero temperature residual 
absorption^ observed in ortho-II YB2CU3O6.50 while at 
the same time the penetration depth is linear in T and 
the microwave conductivity at low frequency exhibits a 
cusp[ll[lll. 

We consider the microwave conductivity of an ortho-II 
sample with and without a magnetic field (H). Our the- 
oretical results with c = 0.4 scmi-quantitatively explain 
the experimental data in zero field. We do not attempt 
an exact fit to the data, instead we explore the origin of 
the cusp behavior of the microwave conductivity at low 
frequency and changes resulting from the application of 
a magnetic field. We find that the cusp arises because 
the impurity scattering rate is the form 7(0;) ~ 700 + auj 
for small uj with 700 negligibly small. It is the linear in- 
crease of 7(0;) that is responsible for the cusp behavior. 
In the vortex state, the impurity scattering is profoundly 
changed, and is no longer linear. Moreover, its zero fre- 
quency value is increased significantly. Consequently, we 
predict that the cusp disappears and a Drude-like behav- 
ior results. 

Roughly speaking, the magnetic field has two indepen- 
dent effects on the conductivity. It increases the number 
of quasiparticles, and so the conductivity. The other is 
its effect on the impurity scattering. This is the more in- 



teresting and significant aspect for understanding quasi- 
particle transport in rf-wave superconductors. The for- 
malism to account for field effects on physical quanti- 
ties such as thermodynamic and transport properties is 
well established. The basic approach uses a semiclassical 
approximation^3^3 in which the essential effect of the 
field is embodied via the Doppler shift due to the circu- 
lating supercurrent (vg) around the vortex cores. This 
approximation is valid when Hd ^ H <^ Hc2- Another 
approximation valid for the low T microwave conductiv- 
ity is that the nodal quasiparticles dominantly determine 
the transport properties. 

Due to the inhomogeneous nature of the vortex state, 
the impurity scattering 7(1^, r) depends on local position 
(r) in space. Since the microwave conductivity is sig- 
nificantly affected by the impurity scattering, it is quite 
crucial to determine the scattering rate self-consistently. 
The self-consistency comes through the T-matrix ap- 
proximation in which the local 2x2 Green's function 
G'(k, 1(2; — 'Us(r) • k) appears with uj = uj — Yn{uj,v) and 
^{uj, r) = —ImTii^reti^i r). The local impurity self-energy 
is determined by 



c2-G2(^,r) ' 



(1) 



where Go(w,r) = [2^iV(0)]-i Tr[aet(k, - w,(r) • 
k)] and F is proportional to the impurity concentration. 
Since the nodal quasiparticles dominantly contribute to 
transport at low T, the Doppler shift effectively depends 
only on momentum along the nodes; namely, = Vs(r) • 
k„i, where i is a node index. Then, 
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where Q — Co — Ci with £3 = — ei and £4 — — e2. Now 
Ld = io - Sj(w,ei,e2) and '-^ [u , ei , ^2) = -ImEi((I', ei, £2). 
Consequently, only two nodes (say, node 1 and node 
2) need to be considered independently in the self- 
consistent calculation^^ for Si^ret(w, ei, £2). Once the 
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self-energy is determined, the local microwave conduc- 
tivity axx{^,T, €1,62) can be evaluated. However, it is 
still necessary to average the conductivity over space to 
compare with experimental data: 

<^wx{^, / ^'^1*2 'C(ei, €2) (Txxi^, T, ei, £2) , 

(3) 

where >C(ei,e2) is the vortex distribution function tak- 
ing into account the two nodes. As in the standard for- 
malism, the optical conductivity is given by the spectral 
fimction corresponding to the 2x2 Green's function of 



the vortex state. Later, we will present the explicit form 
of the microwave conductivity. However, from the theo- 
retical point of view, it is practically a formidable task. 
Here we reduce it to a simpler, if approximate, form valid 
for low T and for a wide range of the magnetic field. 

We begin with a discussion of the zero field case. Mi- 
crowave data has been obtained at various T by Turner et 
al. for high purity samples of ortho-I YB2CU3O6.99 
and ortho-H YB2Cu306.5o. Here we consider only the 
ortho-H sample. For H = 0, the microwave conductivity 
(axx = 0-) is given by 
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where Aa-{^,Ltj) — 2{a + b + c)/d with 
a = 77n [w^ - -I- 7^ - 7^] In 



& = 27 (7^2 + 7^) - 2cJ7^ + uin {luq - uj)' 
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{ton - Lof + [m - if {lOQ. - Ujf + (70 + 7)^ 



here Co — uj — Re [S]i,ret(w)] while ujn — lo + ^ — 
Re [Ei_j.et(a; -|- fi)]. The impurity scattering rate ^{uj) 
is given by the imaginary part of the self-energy, 
— Iml]i^ret(^) and 7n denotes ^{lo -|- fi). The self- 
consistent equation determining S^^ret is now = 



where Gq{uj) 



- In with (I) = ui-YsAuj) 

TT Ao 42A0 * ^ ^ 



and 7(1!') = — ImEi(a)). 

An extensive search of parameter space for c and T has 
yielded a reasonable fit to the zero field microwave data 
of the ortho-H sample at T = 1.3, 2.7, 4.3, and 6.7K, 
which is shown in Fig. 1. The parameters are c = 0.4 
and F/Aq = 0.003. The solid curves are the results of 
our calculations while symbols are for the experimen- 
tal data of Ref . [lo| . For the comparison we assumed 
aoo — 2.5 X 10^ Ohm~^m~^. The self-consistently ob- 
tained 7(1^) is shown in the inset of Fig. 1. The curve 
peaks around lo/Aq ~ 0.2 and has maximum height 
7(a;)/Ao ~ 0.008. However, at low temperature only 
the very small lo region of 7(w) plays a significant role 
in the calculation of a{^,T). In this region, we can ap- 
proximate j{lu) ~ 7oo + ctLo with a value of 700 which is 
practically zero, and a ~ 0.021. As we will see, what 
is crucial for a cusp to appear in the microwave conduc- 
tivity at low frequency is that 700 "C T at the temper- 
ature considered and a linear increase of 7(1^) at small 



Lu. Moreover, at low frequency the conductivity is deter- 
mined mainly by a and not by 700. This implies that the 
cusp-like behavior in highly pure samples is robust. 
In the weak impurity scattering regime (7(w) < T), we 
an simplify the equation for the microwave conductivity 
dgnificantly and obtain; 

<^i^,T) f ( df\ , 27(c.) 

If we use the above mentioned analytic form of ^{uj) in 
Eq. (jsj, we obtain remarkably good agreement with the 
full numerical calculation based on Eq.Q). It is clear 
that the complicated behavior of the microwave conduc- 
tivity observed simply reflects the uj dependence of the 
underlying impurity scattering rate 7(1^). Consequently, 
instead of making use of the self-consistent calculation 
for 7(w), one could simply use a fitting procedure based 
on Eq. (0) to get the impurity scattering rate which gives 
the best fit to the experimental data. 

When 700 < ^ T, we can further simplify Eq. 
The analytic expression we obtained, which is valid at 
small r2(< T), is 



(Too 2a 



TT n 
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This equation is one of our important results and ex- 
plains the observed cusp-like behavior. As the dashed 
line in Fig. 1 shows for T — 1.3X, the dc conductivity 
is determined only by the slope a, and also we see from 
Eq. ©J it is independent of 700 . Further, the value of the 
dc conductivity is independent of T . The full numerical 
calculation shows a slight T dependence particularly at 
T — 6.7K. This can be traced to the fact that the approx- 
imate expression for ^{uo) is no longer completely valid. 
Eq.® shows that at low frequency, the microwave con- 
ductivity decreases linearly with 17, and the slope of the 
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Fig. 1 (Kim et al) 



Fig. 2 (Kim et al) 
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FIG. 1: Microwave conductivity a{T,fl,H = 0) vs. n up 
to 20GHz. Data of Ref.il3 are shown for T = 1.3(triangle 
down), 2.7(triangle up), 4.3(square), and 6.7K(circle). Tlie 
solid curves are our numerical results using Eq. |0J. The 
dashed line based on the analytic expression Eq. (lowest 
temperature) shows the cusp behavior at low frequency. The 
parameters for impurity scattering are F/Aq — 0.003 and c = 
0.4. The inset gives the self-consistently obtained impurity 
scattering rate 7(tj). 



decrease is inversely proportional to T. This agrees well 
with experimental observation. Consequently, the cusp 
arises because 700 is negligibly small and j{uj) increases 
linearly at small cu. No Drude fit is possible for the highly 
pure ortho-II sample in zero field. However, we will show 
that the cu dependence of the impurity scattering rate is 
profoundly changed in the presence of a magnetic field. 
As a consequence, the shape of the microwave conduc- 
tivity as a function of frequency is also fundamentally 
altered. 

Next we consider the microwave conductivity in the 
vortex state. As explained earlier, we need to determine 
7(0;, £1,62) to evaluate a{fl,T,ei,e2). Then an averag- 
ing procedure is necessary to obtain a{n,T,H), which 
can be compared with experimental data. To get the 
formal expression for (j(r2, T, ei, £2), we only need to re- 
place Aa{^,(jj) in Eq. Q with X^Li "^i' ^2), 
where i is again the node index. For the node i, 
Lu —> uj — Re [Ei^ret(w, ei, £2)] — and the correspond- 
ing 7(w) 7(w,ei,e2). Obviously, such a procedure 
requires a huge numerical calculation. Because of this it 
is important to find an alternative, if approximate, way 
to evaluate a{fl,T, H). We base our simplification on 
the physical fact that the field has two effects on the 
conductivity. The first is to create quasiparticles. The 
second is to alter the impurity scattering itself, and this 
will significantly change the shape of the microwave con- 
ductivity as a function of frequency. In our alternative 
way, we treat the two effects separately. First we deal 



FIG. 2: Impurity scattering rate ^{uj,H) for Eh /Ao = 0, 
0.02, 0.04, and 0.08. Strong changes are seen at small u>. 
The inset is for the small uj range. It is clear from the inset 
that y{uj,H) changes quadratically and 7(0, -ff) is no longer 
negligible. 



with the field effect on the impurity self-energy to obtain 
Yii^ret{^i H). Then, we take into account the increase in 
the number of quasiparticles. This procedure simplifies 
calculations of the microwave conductivity considerably. 
It reduces the contributions from the quasiparticles in 
the two distinct nodal areas to one from a single average 
node. From the theoretical point of view, this means that 
the space-averaged Green's function G{k,iCj,H) is used 
in the T-matrix approximation to obtain 



rGo(c^,g) 
c^-GI{Cj,H) 



(7) 



where Gq{Cj,H) ~ | J de "^(e)^!!! where z = uj — e 
andP(e) = / de' C{e,e'). 

Within this approximation, the only change needed in 
Eq.Q) is to replace Aai^, t^) with Aa{^, w, e, H) and the 
averaging procedure requires the single node distribution 
of vortices ^(e) as already indicated in the self-consistent 
calculation for the impurity self-energy. We have tested 
the single-node approximation involving Aai^,i^,^,H) 
with the two-node method using ^^^^(ri, w, ei, £2), on 
the dc conductivity at zero temperature, for which only 
7(0, £1,62) or 7(0, if) enters the calculation. We found 
that these two methods give almost identical results for 
< Eh/^o < 0.1 when we consider a random (Gaus- 
sian) distribution of vortices Therefore, as a first 
approximation, we use the simple procedure of Eq. lO to 
evaluate the low temperature microwave conductivity. 

In Fig. 2, we show our results for ^{lo,H) as a func- 
tion of Lj obtained self-consistently for various values of 
the magnetic energy E'^/Aq = 0.02, 0.04, and 0.08. We 
estimate Eh — 2Q^/HKT~^/'^ with the magnetic field 
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in units of Tesla. The same values of the parameters 
c and r are used as before. For Eh/^o = 0, the re- 
sult for 7(0;, H) is the same as shown in the inset of 
Fig. 1. As one can see, the field has a drastic effect 
on the low frequency region of the impurity scattering, 
and this is the region that is mainly sampled in the 
low T microwave conductivity. The two most impor- 
tant changes in 7(0;, H) are i) 7(0, H) is no longer neg- 
ligible and ii) for low uj, the increase in ^(uj,H) is now 
quadratic: 7(w, H)/Ao ~ 7(0, H)/Aq+i3 (w/Aq)^, where 
f3 ~ 0.6, 0.4, and 0.26 for Eh /Aq = 0.02, 0.04, and 0.08, 
respectively. The results for the microwave conductivity 
ain, T, H) are shown in Fig. 3 up to 20GHz at T = 1.3K. 
The black solid curve {Eh /Aq = 0) is repeated from 
Fig. 1 for comparison. The other curves correspond to 
Eh /Ao = 0.02 (red), 0.04 (blue), and 0.08 (green), re- 
spectively. The magnetic field removes the cusp at low 
frequency. This is due to the drastic change in impurity 
scattering in the vortex state as we will show below. 

Even in the vortex state, we can still simplify the equa- 
tion for the microwave conductivity in the weak scatter- 
ing limit if ^{w, H) < T for the important range of uj. 
We obtain 



Kff m 27(^,g) 

'ajj"-^^"'^^ i7^ + 47^(^,g) ' 



Fig. 3 (Kim et al) 
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where the effective density of states is N{ijo, H) = 
j dt 'P{e)\uj - e|. Eq. © clearly shows both the ef- 
fect of the magnetic field on the density of states and 
on the impurity scattering. The symbols in Fig. 3 are 
based on Eq. © with the approximate quadratic ex- 
pression for 7(w, H) quoted. It is clear that the mi- 
crowave conductivity is well represented by the weak im- 
purity scattering limit even in the vortex state. More- 
over, from the comparison with Eq.Q, we can see im- 
mediately the field effect in Eq.®. It represents the 
appropriate generalization of Eq.|(Sl), and is another of 
our important results. For the random vortex distribu- 
tion, the effective density of states becomes M{uj, H) = 
(£;if/0F)e-'^'/-^H + u; eT:i{uj/EH). In the field domi- 
nated regime, we can further simplify Eq. ((SJ utilizing 
the fact that -f{uj, H) « 7(0, H) and 7V(w, H) « Eh/s/tt 
at very low lo <C Eh- Now it is possible to approximate 
the microwave conductivity as: 



a{n,T,H) ^Eh 



27(0, i?) 



1 - 



472(0, i/) 



(9) 



This equation shows that the microwave conductivity 
now has no cusp and a Drude-like behavior appears in 
the vortex state which can be traced to the character- 
istic change in the impurity scattering which now has a 
finite 7(0, H) value. 

In conclusion, we have considered the low T microwave 
conductivity of a high purity d-wave superconductor with 
and without a magnetic field. We find that the cusp- 




FIG. 3: Microwave conductivity a{T,fl, H) vs. Q up to 
20GHz for T — 1.3K. The solid curves are results of the 
full calculations using Aa(^l,u}, e, H) with Eq. Q. From the 
bottom to the top curve. Eh/ Ao = 0, 0.02, 0.04, and 0.08. 
The symbols are results of Eq. which is derived under an 
assumption of the weak scattering limit. The dashed curve 
based on the analytic expression Eq. @ shows that the cusp 
disappears. 



like behavior in the microwave conductivity arises be- 
cause the impurity scattering rate is negligibly small at 
zero frequency and increases linearly at low frequency: 
"/(lj) ~ 7oo -l- auj. The low frequency microwave con- 
ductivity does not depend on 700 but the slope a plays 
a significant role. The steepness of the cusp is inversely 
proportional to T. In the vortex state, the impurity scat- 
tering is drastically changed, and its zero frequency value 
is no longer negligible. Moreover, it increases quadrati- 
cally with frequency. We predict that this characteristic 
change in the scattering rate eliminates the cusp in the 
microwave conductivity. Drude-like behavior appears in- 
stead. We hope our prediction inspires an experiment of 
the microwave conductivity in the vortex state. 
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